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Choices  in  ecological  research  and  management  are  the  result  of  balancing  multiple,  often  competing,
objectives.  Multi-objective  optimization  (MOO)  is a formal  decision-theoretic  framework  for  solving  mul-
tiple objective  problems.  MOO  is used  extensively  in  other  fields  including  engineering,  economics,  and
operations  research.  However,  its application  for solving  ecological  problems  has  been  sparse,  perhaps
due  to  a  lack  of widespread  understanding.  Thus,  our  objective  was  to  provide  an  accessible  primer  on
MOO,  including  a review  of methods  common  in other  fields,  a review  of  their application  in ecology,  and
a demonstration  to an  applied  resource  management  problem.

A large  class  of methods  for solving  MOO  problems  can  be  separated  into  two  strategies:  modelling
preferences  pre-optimization  (the  a priori  strategy),  or modelling  preferences  post-optimization  (the
a posteriori  strategy).  The  a priori  strategy  requires  describing  preferences  among  objectives  without
knowledge  of how  preferences  affect  the  resulting  decision.  In the  a posteriori  strategy,  the  decision  maker
simultaneously  considers  a set  of  solutions  (the  Pareto  optimal  set)  and  makes  a  choice  based  on  the
trade-offs  observed  in  the  set.  We  describe  several  methods  for  modelling  preferences  pre-optimization,
including:  the bounded  objective  function  method,  the  lexicographic  method,  and  the  weighted-sum
method.  We  discuss  modelling  preferences  post-optimization  through  examination  of  the  Pareto  optimal
set.  We  applied  each  MOO  strategy  to  the natural  resource  management  problem  of  selecting  a  population
target  for  cackling  goose  (Branta  hutchinsii  minima)  abundance.  Cackling  geese  provide  food  security  to
Native  Alaskan  subsistence  hunters  in  the  goose’s  nesting  area,  but depredate  crops  on  private  agricultural
fields in  wintering  areas.  We  developed  objective  functions  to  represent  the  competing  objectives  related
to the  cackling  goose  population  target  and  identified  an  optimal  solution  first  using  the a  priori  strategy,
and  then  by  examining  trade-offs  in the Pareto  set  using  the  a posteriori  strategy.  We used  four  approaches

for  selecting  a final  solution  within  the  a posteriori  strategy;  the  most  common  optimal  solution,  the  most
robust optimal  solution,  and  two  solutions  based  on  maximizing  a restricted  portion  of  the  Pareto  set.  We
discuss  MOO  with respect  to natural  resource  management,  but MOO  is  sufficiently  general  to  cover  any
ecological  problem  that  contains  multiple  competing  objectives  that can  be  quantified  using objective
functions.
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. Introduction

Ecological decisions that require balancing multiple objectives
re pervasive. Examples include endangered species manage-
ent (e.g., maximizing species persistence while minimizing

ost; Maguire et al., 1987), managing harvested species (e.g.,
aximizing cumulative harvest while maintaining population

bjectives; Johnson et al., 1997), and choosing statistical mod-
ls to infer ecological processes (i.e., maximizing model fit
hile minimizing model complexity; Williams, 2016). When a
ecision maker has multiple competing objectives, a solution
hat simultaneously optimizes each objective does not exist;
mproving one objective results in a trade-off from another.
olving multi-objective decision problems requires incorporating
ecision-maker preferences among objectives into the decision
roblem (either explicitly or implicitly) to reach a compromise
olution.

The process of solving multiple objective problems generally
onsists of identifying or soliciting the objectives of the deci-
ion maker, identifying potential actions, assessing the potential
ctions (or the predicted outcome of the actions) with respect
o each objective, and making a choice. Scientific investigation
an be used to predict the result of potential actions, but sci-
nce alone is insufficient to address competing objectives because
ncorporating preferences among objectives requires value-based
udgment (Holland-Bartels and Pierce, 2011). Some actions might
esult in obtaining one objective, while other actions might obtain
nother objective. Ultimately, a decision maker can implement
ne management action (or suite of actions). Thus, how can we
ormally combine a quantification of objectives, with objective
references to select a final, optimal decision? Multi-objective opti-
ization (MOO) is a sub-field of multi-criteria decision making that
rovides a formal mathematical framework for explicitly incorpo-
ating objectives and objective preferences to evaluate decisions.
n contrast to other multi-criteria decision making methods (e.g.,

ulti-criteria decision analysis), MOO  is well suited for hand-
ing many objectives, and many (potentially infinite) alternative
ctions.

We outline the MOO  framework and describe two  strategies for
olving MOO  problems. Each strategy incorporates objective pre-
erences into the decision problem. The strategies differ in the order
n which preferences are incorporated; the first strategy (the a priori
trategy) incorporates preferences pre-optimization and the sec-
nd (the a posteriori strategy) incorporates them post-optimization.
o demonstrate an application of MOO, we apply both strategies
o a common natural resource management problem: selecting

motivated by the management of cackling geese (Branta hutchin-
sii minima) across their range. Cackling geese nest on the coastal
plain of the Yukon Kuskokwim (YK) Delta, Alaska. They constitute
an important food source for Native Alaskan subsistence hunters.
Ecosystem stability, the satisfaction of recreational hunters, and
other non-consumptive users also depend on them. In their win-
tering area in Oregon and Washington (primarily in the Willamette
Valley), cackling geese congregate on private agricultural fields and
eat crops, resulting in loss of agricultural yield for landowners. The
population target for the past 20+ years was 250,000 birds, how-
ever, the population target is currently being debated. Thus, we
examine selecting a population target in a MOO framework. Multi-
objective optimization is general, spanning many disciplines, and
strategies used to solve MOO  problems provide a framework for
making defensible, transparent choices for natural resource man-
agement, and ecological decisions in general.

2. The multi-objective optimization problem

Multi-objective optimization assumes a decision maker can
quantify the value of a decision with respect to the decision maker’s
objectives. Examples of objectives that have been explicitly quan-
tified in natural resource management include: minimizing the
probability of extinction (Maguire et al., 1987; Ewen et al., 2015;
Larkin et al., 2016), maximizing the expected cumulative harvest of
a hunted species (Johnson et al., 1997), maximizing the probabil-
ity of successful population establishment of re-introduced species
(Converse et al., 2013), maximizing biodiversity (Arponen et al.,
2005; van Teeffelen and Moilanen, 2008; van Teeffelen et al., 2008;
Cabeza et al., 2010; Tsai et al., 2015), maximizing habitat suitabil-
ity (Williams, 1998; Holzkämper et al., 2006; Groot et al., 2007;
Zsuffa et al., 2014), and maximizing habitat protection (Kennedy
et al., 2008). A function that quantifies the value of the potential
actions � from a set of possible choices of actions � relative to an
objective is termed an objective function (Keeney and Raiffa, 1976;
Williams et al., 2002). Objective functions are inherently subjective
because they are used to quantify the aim or interest of a decision
maker (Hennig and Kutlukaya, 2007; Williams and Hooten, 2016).
For consistency with MOO  literature, we denote the objective func-
tion using f(�) (notation definitions are also reported in Table 1
for reference). Objective functions are synonymous with loss func-
tions, utility functions, or reward functions described in other fields
(Williams et al., 2002; Berger, 2013; Williams, 2016; Williams and
Hooten, 2016). The set of actions a decision maker can consider (�)
can be either discrete or continuous. A specific action in the set of �
is represented by �. The value of the objective function (or utility)
 population target for an animal population that affects multiple
takeholders differently. We  define the population target as the
bundance of animals that resource managers aspire to obtain and
aintain through time. Our resource management problem was
for a specific action is represented by f(�). When a decision maker
has one objective to maximize, and the objective function is uni-
modal, the decision maker can simply choose the value for � that
optimizes the objective function f(�) (Fig. 1A). Decisions become
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Table 1
Notation and definitions of components in multi-objective optimization.

Notation Description

� An action or choice a decision maker can
choose. Bold � implies decisions for >1 variable.

�* An optimal solution.
�  The set or list of actions from which the

decision maker can choose. Bold � is the
potential combinations of potential actions
when a decision maker must make choices for
>1 variable.

fi(�) Individual objective function that describes the
value of each choice � ∈ �.

f(�)  A set of multiple objective functions that
depend on (potentially many) choices �.

g(�)  Inequality constraints.
h(�) Equality constraints.
Feasible design space The choices of � that meet the constraints.
Feasible criterion space The values of f(�) for the feasible design space.

d
t
f
s
o
o

Consider an example to clarify notation and concepts. Assume
a decision maker wants to maximize f1(�) and f2(�). The func-

F
d
F
d
t

ifficult when decision makers must consider more than one objec-
ive. A single optimal solution for multiple competing objective
unctions does not exist without compromise. There are many (pos-
ibly infinite) solutions that represent trade-offs among competing

bjectives. Multi-objective optimization is concerned with meth-
ds for choosing among these trade-off solutions.

ig. 1. A: Single objective function f1(�) with optimal solution max�(f1(�)) = 4. B: Multip
omain [3–17]; white area). The optimal values for each objective are: max�(f1(�)) = 4 a
easible  criterion space for multi-objective optimization problem (i.e., {f(�)|3 ≤ � ≤ 17})
ominated solutions in C were removed. Values towards the top right of the graph are 

rade-off between objective 1 and objective 2.
l Modelling 343 (2017) 54–67

The MOO  problem is defined as:

f (�∗) = optimum�f (�),

where f (�) = (f1(�), f2(�), . . .,  fk(�)),

such that gj(�) ≤ cj, j = 1, b, . . .,  J,

and hl(�) = dl, l = 1, 2, . . .,  L,

(1)

where fi(�) represent the k different, potentially competing objec-
tive functions, f(�) is a set of the different objective functions, and gj
and hl represent J inequality constraints and L equality constraints,
respectively (Hwang and Masud, 1979). The elements of the vector
of variables � are known formally as design variables (Marler and
Arora, 2004). � are the combination of choices the decision maker
can choose for inputs into the decision problem. The set of possible
design variables from which a decision maker can choose (�) is
termed the feasible design space and is defined by all potential com-
binations of choices of � that meet the constraints (i.e., {�|gj(�) ≤ cj,
j = 1, 2, . . .,  J, hl(�) = dl, l = 1, 2, . . .,  L}). The constraints limit the poten-
tial combinations of choices by formally considering items such
as budgetary constraints, legal mandates, etc. The feasible criterion
space includes the values of f(�) for each � in the feasible design
space (i.e., {f(�)|� ∈ �}).
tions of f1(�) and f2(�) are general but might represent various
natural resource management problems (e.g., satisfaction of two

le objective functions and feasible design space (i.e., possible choices for � in the
nd max�(f2(�)) = 16. Since �∗

1 /= �∗
2 no value of � simultaneously optimizes f(�). C:

. D: Plot of the Pareto set (i.e., efficiency frontier or Pareto frontier), in which the
preferred. Each solution on the Pareto frontier is Pareto optimal and represents a
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pposing stakeholders with respect to possible densities of wolves
n a management unit). Attainment of each objective depends
n only one design variable � ∈ � (e.g., the possible densities of
olves that could be considered; Fig. 1B). Assume � includes the
otential choices [0–20]. Also assume the inequality constraints:
1(�) = � ≤ 17 and g2(�) = � ≥ 3. These constraints limit the choices
f � such that 3 ≤ � ≤ 17 and the feasible design space includes val-
es � in the domain [3–17]. That is, although it might be desirable
o one stakeholder to have densities of wolves <3 wolves per unit,

anagers might not want densities this low because the popula-
ion might become extirpated (Fig. 1B). Smaller values of � imply
igher attainment of f1(�) and lower attainment of f2(�). The feasi-
le criterion space consists of the 2 × 1 vectors [f1(�), f2(�)]′ for all

 ∈ [3–17]. The feasible criterion space can be viewed graphically
when k ≤ 3 and � includes one variable) by plotting the paired val-
es of f1(�) and f2(�) against each other on opposing axes (Fig. 1C).
ptimal attainment of f1(�) and f2(�) (i.e., � = �∗

1 and � = �∗
2) occur

t 4 and 16, respectively (Fig. 1B). No choice of � simultaneously
ptimizes f1(�) and f2(�) (i.e., �∗

1 /= �∗
2); a single solution to the MOO

roblem does not exist. The decision maker must include addi-
ional information to reduce the set of potential solutions to a single
olution; the additional information required is a decision maker’s
references among objectives.

. Pareto optimal solutions and specification of preferences

Pareto optimality is a concept in MOO  in which optimality is
efined with respect to trade-offs that are required to improve an
bjective (Deb, 2001). A Pareto optimal solution is any solution
here there are no other candidate solutions that improve achieve-
ent of at least one objective without hindering the achievement

f another objective. More rigorously, a Pareto optimal solution is
n action �* ∈ � in which there is no other action � ∈ � such that
oth f(�) ≤ f(�*), and fi(�) < fi(�*) for at least one function i (note: we
se the minimum, without loss of generality; Deb, 2001; Marler
nd Arora, 2004). A MOO  problem with competing objectives has

 large (potentially infinite) set of Pareto optimal solutions. The
areto set (or Pareto frontier or efficiency frontier) is the set of
areto optimal solutions. The Pareto set excludes all choices that
re dominated by at least one other solution (Deb, 2001). A domi-
ated solution is a solution in which there exists another solution
hat is as good or better for all objectives, and better for at least one
bjective. Consider the example in Fig. 1. Any value of � between 4
nd 16 is a Pareto optimal solution. For all 4 < � < 16, to improve f2(�)
equires a trade-off from f1(�). Likewise, to improve f1(�) requires a
rade-off from f2(�). Note that decisions for � < 4 and � > 16 are dom-
nated solutions; both objectives can be improved simultaneously
y increasing or decreasing �, respectively.

Despite its applicability for numerous ecological applications,
areto optimality has been used in few applications of ecologi-
al decision making. Examples include, Reynolds and Ford (1999),
ho used Pareto optimality as a method for evaluating ecological
rocess models. Similarly, Williams (2016) framed model selection
ethods (e.g., AIC) in terms of Pareto optimality. Bijleveld et al.

2012) used Pareto optimality to design a benthic monitoring pro-
ram. Rothley et al. (1997) described variation of insect behavior
s differing Pareto optimal solutions for the foraging objectives of
urvival and growth, and predator avoidance. Similarly, Schmitz
t al. (1998) presented Pareto optimality as an extension of optimal
oraging theory and examined Pareto optimal solutions for objec-
ives of nutrient maximization and time minimization of foraging

nails. Natural resource management examples include Kennedy
t al. (2008), who identified Pareto optimal solutions for forest fuels
reatments that reduce fire impact on a forest. Kindler (1998), Tsai
t al. (2015), Zhou et al. (2015), and Zhou et al. (2015) described
l Modelling 343 (2017) 54–67 57

Pareto optimality for water resource management. Polasky et al.
(2005) identified Pareto optimal land-use patterns with respect to
persistence of various species and on market-oriented economic
returns. Groot et al. (2007, 2010), Mouysset et al. (2011), and Groot
and Rossing (2011) identified Pareto optimal solutions for spatial
planning of multi-functional agricultural landscapes. Schröder et al.
(2008), using the concepts of Pareto optimality, plotted cost of
management actions vs. ecological consequences to quantify the
trade-offs between conservation needs and economic constraints
for managing semi-natural grassland communities.

Methods for solving (1) can be separated into two strategies:
specification of preferences pre-optimization (the a priori method)
or post-optimization (the a posteriori method; Deb, 2001; Marler
and Arora, 2004).

3.1. The a priori strategy

When decision makers specify preferences pre-optimization
they are attempting to identify the choice in the Pareto set that
most closely aligns with their a priori perceptions of the importance
of each objective. The information used to assign preferences can
include qualitative or quantitative values obtained from a variety of
methods ranging from personal opinion to formal theoretical devel-
opment (e.g., Saaty, 1988; Mustajoki et al., 2005; Williams, 2016).
After preferences are assigned pre-optimization, the Pareto opti-
mal  solution associated with those preferences is identified. The
identification of the Pareto solution associated with a set of prefer-
ences occurs using various mathematical functions (Table 2). These
functions typically take one of two forms; using a composition of
objective functions or constraining the feasible criterion space. A
composition of objective functions combines the multiple objective
functions into a single objective function. This typically requires
specifying weights that represent the relative importance of each
of the multiple objective functions. The optimum of the resulting
composite function reflects the Pareto optimal solution associated
with the selected weights/preferences. Ecology examples using a
composition of functions include, for example: Joubert et al. (1997)
who combined objectives related to water supply and biodiversity,
Converse et al. (2013) who  combined several objectives for the rein-
troduction of whooping cranes (Grus americana), and Forzieri et al.
(2009) who  combined objectives for detecting trees using high-
resolution laser scanning. Constraining the feasible criterion space
results in an optimization of (1) that occurs over a single objective
function (e.g., Johnson et al., 1997). As an example of the a priori
method, we consider three different functions for assigning prefer-
ences pre-optimization to identify an optimal solution, following
Marler and Arora (2004): the bounded objective function method,
the lexicographic method, and the weighted-sum method. The
bounded objective function method and the lexicographic method
constrain the feasible criterion space. The weighted-sum method
is a composition of functions. These three methods, or combina-
tions of them, are sufficiently general to cover a diverse array of
ecological decision problems. We  have also included several other
methods in Table 2 for reference.

The bounded objective function method assigns preferences for
k objective functions by constraining k − 1 objective functions to
preferred ranges of values, then optimizes the final objective func-
tion within the constrained space (Marler and Arora, 2004). This
effectively reduces the number of objective functions to one with a
constrained feasible criterion space that meets the preferences (or
are in some tolerable range) of all other objectives. The MOO  prob-
lem in (1) for the bounded objective function method is defined

by f(�*) = min�f1(�), such that: cl,i ≤ fi(�) ≤ cu,i, i = 2, . . .,  k, where
cl,i and cu,i represent the lower and upper bounds, respectively,
for each objective function i = 2, . . .,  k. As an example, suppose
� represents the amount of land purchasable for conservation of
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Table 2
Standard functions or methods for incorporating decision maker preferences (in the form of objective weights wi or goals bj) into multi-objective optimization problems. For
more  details see included references or Marler and Arora (2004).

Name of function or method Function (f =) See for details

Weighted global criterion 1
∑k

i=1
wi(fi(�))p

, fi(�) > 0 ∀i Yu and Leitmann (1974), Zeleny (1982), Chankong
and Haimes (1983)

Weighted global criterion 2
∑k

i=1
(wifi(�))p

, fi(�) > 0 ∀i Yu and Leitmann (1974), Zeleny (1982), Chankong
and Haimes (1983)

Weighted global criterion 3 (
∑k

i=1
wi(fi(�) − f o

i
)p)

1/p

, fi(�) > 0 ∀i Yu and Leitmann (1974), Zeleny (1982), Chankong
and Haimes (1983)

Weighted global criterion 4 (
∑k

i=1
(wp

i
(fi(�) − f o

i
)
p
)
1/p

, fi(�) > 0 ∀i Yu and Leitmann (1974), Zeleny (1982), Chankong
and Haimes (1983)

Hierarchical fj(�) ≤ (1 + ıj

100
)fj(�

∗
j ), j = 1, 2, . . .i  − 1, i > 1, i = 1, 2, . . .k Osyczka (1984)

Weighted Tchebycheff wi(fi(�) − f o
i

) Marler and Arora (2004)

Augmented weighted Tchebycheff wi(fi(�) − f o
i

) + �
∑k

j=1
(fj(�) − f o

j
) Steuer and Choo (1983)

Modified weighted Tchebycheff wi(fi(�) − f o
i

+ �
∑k

j=1
(fj(�) − f o

j
)) Kaliszewski (1987)

Exponential weighted-criterion
∑k

i=1
(epwi − 1)epf i (�) Athan and Papalambros (1996)

Weighted-product
∏k

(fi�)wi Bridgman (1922)
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i=i

Goal programming
∑k

j=1
|dj |, dj = ||bj − fj(�)|| 

n endangered species and ranges between 0 and 2,000 ha. Sup-
ose we have two objective functions (k = 2). Let f1(�) be a function
hat returns a value of conservation to the endangered species
rom the amount of purchased land. For example, the function
1(�) = (1.1 × 106)/(1 + e−0.005(�−700)) is a non-decreasing function
hat has diminishing marginal returns for the amount of land pur-
hased and is on a similar scale to f2(�) (Fig. 2). Let f2(�) describe
he cost of land. Assume the cost of land is linearly related to the
ize of land and 1 ha of land costs $1000 (Fig. 2). The decision

aker cannot simultaneously maximize f1(�) and minimize f2(�)

ecause both are increasing functions of �. Suppose the decision
aker prefers cost (f2(�)) be bounded to ≤ 1 million dollars, with 0

s a minimum bound. The optimal solution can be found using the

ig. 2. Example of Bounded objective function method with two  objective functions
epresenting the value of conservation to an endangered species (solid line) and
rice (dotted line) for different values of the amount of land that could be purchased
�).  Price was bounded to be between 0 and 1,000,000 dollars. The optimal solution is
he value that maximized the value of conservation within the bounds, and occurred
t 1000 ha.
Charnes and Cooper (1977)

bounded objective function method by minimizing f1(�) such that
0 ≤ f2(�)≤ 1,000,000. The optimal solution is the maximum of f1(�)
in the constrained feasible criterion space determined by 0 ≤ f2(�)≤
1,000,000, and equals 1,000 ha (Fig. 2). Constraints are a natural
choice for monetary objectives (or other objectives with explicit
boundaries in the feasible criterion space) because they represent
realistic budgetary conditions. A limitation of the bounded objec-
tive function is that the decision maker must be able to constrain
k − 1 objective functions, which may  be difficult in practice.

The lexicographic method involves ordering objectives by impor-
tance and subsequent iterative optimization. The intuition behind
the lexicographic method is simple. First identify the order of pref-
erence of each objective function; the most important function first
(Fig. 3). Next identify the optimal solutions for the most important
objective function (Fig. 3B). Given multiple optimal solutions to the
most important objective function (i.e., multiple global optima),
choose the solutions that optimizes the second objective function
(Fig. 3C). Continue through the remaining objective functions until
one solution is identified (Fig. 3D). The MOO  problem for the lexico-
graphic method is defined by min�fi(�), subject to fj(�) ≤ fj(�

∗
j ), j = 1,

2, . . . i − 1, if i > 1;i  = 1, 2, . . . k, where fj(�
∗
j ) is the optimal value of the

jth objective function. The objective functions are ranked in order
of importance from i = 1, 2, . . .,  k with i = 1 being the most important.
Note that fj(�

∗
j ) is unique but �∗

j is not necessarily unique. There-
fore, the decision maker chooses the value of �∗

j that optimizes fi(�).
The optimal solution is sensitive to the ordering of objective func-
tions (Fig. 3). The lexicographical method is useful when a primary
objective must be met. For example, when legislative mandates
(e.g., in the US the Endangered Species Act and the Migratory Bird
Treaty Act) require a decision maker meet one objective; given the
first objective is met, optimize with respect to subsequent objec-
tives. The lexicographic method has limited use with an increasing
or decreasing primary objective function because the optimum of
the primary objective function will occur at a boundary. The hier-
archical method (Table 2) is a generalization of the lexicographic
method that relaxes the constraints of the lexicographic method
to be within some tolerance level (ı) of the optimal solutions of
preceding objective functions. That is, fj(�) ≤ (1 + (ıj/100))fj(�

∗
j ).

The weighted-sum method and its variants are the most com-

mon  methods for solving MOO  problems across disciplines (see:
Williams, 1998; Arponen et al., 2005; Holzkämper et al., 2006; van
Teeffelen and Moilanen, 2008; van Teeffelen et al., 2008; Roura-
Pascual et al., 2009; Cabeza et al., 2010; Converse et al., 2013; Zsuffa
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Fig. 3. Lexicographical method for solving multi-objective optimization problems. A Three objective functions with no common solution. B Highest priority objective function
a three optimal solutions of the highest priority solution shown. The open dot represents
a ortant objective function with the two optimal solutions of the second highest priority
o

e
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b

f

T
i
h
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t
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f

s
l
c
s
t
e
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m

nd  three optimal solutions. C Second highest priority objective function with the 

 sub-optimal solution with respect to the second objective function. D Least imp
bjective function. The final solution is the closed dot.

t al., 2014; Ewen et al., 2015; Larkin et al., 2016, for ecological
pplications). A weighted sum of multiple functions is described
y:

 (�) =
k∑

i=1

wifi(�). (2)

he weights wi are chosen by the decision maker to reflect the
mportance of each objective. Methods for selecting the weights
ave been the focus of considerable research and discussion in
elds ranging from statistics to social science (e.g., Akaike, 1973;
aaty, 1988; Rao and Roy, 1989; Goodwin and Wright, 2004).
eights are often constrained such that wi ≥ 0 and

∑k
i=1wi = 1

o aid in interpreting weights as relative importance of objectives.
he MOO  problem using a weighted sum is:

 (�∗) = min�

k∑
i=1

wifi(�), (3)

ubject to the constraints gj(�) ≤ cj, j = 1, 2, . . .,  J, and hl(�) = dl,
 = 1, 2, . . .,  L. Consider the objective functions used in the lexi-
ographic example (Fig. 3). Instead of the lexicographic method,
uppose we apply the weighted-sum method to incorporate objec-
ive preferences into the MOO  problem. Suppose each objective is

qually important such that weights wi = 1/3 for i = 1, 2, 3. The
esulting objective function is: f(�) = 1/3f1(�)+ 1/3f2(�)+ 1/3f3(�)
Fig. 4A). The optimal solution is �* = 1 (c.f., the lexicographic

ethod in which �* = 0.8). Had the weights been, for example,

Fig. 4. The weighted-sum method applied to the objective functions shown in Fig. 3A.
The  resulting function to optimize was (A) �* = max(1/3f1(�) + 1/3f2(�) + 1/3f3(�)) and
(B)  �* = max(1/2f1(�) + 1/2f2(�) + 0f3(�)).
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1 = 1/2, w2 = 1/2, w3 = 0, the optimal solution would have been
* = 0.73 (Fig. 4B). The weighted-sum method has several advan-
ages that contribute to its widespread use. The intuition is simple,
t provides flexibility sufficient to cover a diverse array of prob-
ems, and it provides a method for examining the second strategy
o MOO, selecting preferences post-optimization (through multiple
ptimizations over many different combinations of weights). Often,
he real challenge with the weighted-sum method is agreeing on a
pecific set of values of the weights.

The preceding three examples of specifying preferences pre-
ptimization are intuitively simple, yet cover a diverse array of
pplications. For problems in which none of the above methods
re sufficient to reduce the problem to a solution, combinations
f the methods could be applied. Consider a problem with four
bjectives: minimize cost, maximize species persistence, maximize
on-hunting recreation, and maximize hunting recreation. Cost
ould be constrained at the onset of a problem by identifying the
vailable budget. If species persistence must be obtained the lex-
cographic method could be used to constrain the decision space.
inally, non-hunting and hunting recreation could be reduced to

 single objective using the weighted-sum method. The decision
aker could optimize the combined recreation objective within

he constrained decision space determined by cost and meeting
he species persistence objective. The resulting choice would keep
ost under budget, meet the species persistence objective, and
aximize the combined non-hunting/hunting recreation objective,

iven the constraints. Alternative functions for specification of pre-
erences pre-optimization are reported in Table 2. Each of these

ethods must meet certain criteria to ensure the resulting solution
s part of the Pareto optimal set. Marler and Arora (2004) provide

 thorough discussion of the requirements for Pareto optimality
or the three methods described here and additional methods in
able 2.

Solutions to MOO  problems using the a priori method are sensi-
ive to the decision maker’s choice of preferences and constraints.
he level of sensitivity is unknown when preferences are set. After

 solution is identified, decision makers’ should consider sensitiv-
ty analyses to examine the robustness of the final solution to small
hanges in weights or preferences.

.2. The a posteriori strategy

Selecting Pareto solutions using the a posteriori strategy is sim-
lar to an exhaustive sensitivity analysis described in the previous
aragraph. To select a Pareto optimal solution using the a posteriori
ethod, the decision maker first identifies as many Pareto opti-
al  solutions within the Pareto set as possible (or every Pareto

ptimal solution if exact methods are available). Several methods
xist for identifying Pareto optimal solutions including: an iter-
ted weighted-sum method, evolutionary algorithms (Deb, 2001),
hysical programming (Messac et al., 2001; Messac and Mattson,
002), normal boundary intersection methods (Das and Dennis,
997, 1999), and normal constraint methods (Messac et al., 2003).
he iterated weighted-sum method involves solving the optimiza-
ion in (3) repeatedly, for different values of weights w (usually in
qual increments from 0 to 1 for each wi). Choosing the size of incre-
ent is itself a trade-off in objectives. Smaller increments requires
ore computational cost, but can proved a better depiction of the

areto optimal set. The iterated weighted-sum method is the most
ommon optimization technique, and is applicable for many eco-
ogical applications (but see Athan and Papalambros, 1996; Das
nd Dennis, 1997, for limitations). Evolutionary algorithms require

sers to first generate a population of initial solutions. The pop-
lation of initial solutions is evaluated based on some criteria
e.g., dominance). The best solutions are selected over the oth-
rs and placed in the mating pool. New solutions (offspring) are
l Modelling 343 (2017) 54–67

spawned in the mating pool through the stochastic exchange of
traits among the parent solutions in the mating pool. After new
solutions are spawned, they are evaluated and the process contin-
ues until termination criteria are met  resulting in a population of
Pareto optimal solutions. Thus, evolutionary algorithms have the
computational advantage that a population of Pareto optimal solu-
tions can be produced in one run of an algorithm (as opposed to a
single solution). There is an entire field of research known as evo-
lutionary multiobjective optimization which refers to solving MOO
problems using evolutionary algorithms (Deb, 2001; Coello et al.,
2007).

When a decision maker identifies the Pareto set they obtain
information on the trade-offs required for each potential choice �.
The decision maker uses the knowledge of the resulting trade-offs
among Pareto optimal solutions (and other information relevant to
the problem) to choose a solution from the Pareto set. The choice
implies a decision maker’s preferences among objectives because
each Pareto optimal solution is associated with a set of preferences.
Thus, the main difference between pre- and post-specification of
preferences is the former requires describing the relative preferen-
ces among objectives without any knowledge of the consequences.
The latter uses consequences to aid the decision (e.g., such as a
decision that is robust across a large range of objective weight
values).

When a Pareto set is identified in a MOO  problem the decision
maker is left with the task of choosing among the Pareto set to
obtain a final decision. The advantage of Pareto optimization is that
the decision maker first reduces the potential solutions to Pareto
optimal solutions. Then the decision maker identifies the trade-
offs inherent in the Pareto set. After the trade-offs are identified,
any number of methods can be used to make a choice. For example,
applying constraints (as is done for the bounded objective function
method), identifying solutions that are the most robust to changes
in objective functions, identifying “elbows” in the Pareto frontier
(i.e., where a small gain in one objective results in a large trade-off
in another objective). The final step of choosing among the Pareto
solutions requires problem-specific considerations that are subjec-
tive and depend on each decision. Ecological applications using
the a posteriori approach include: Larkin et al. (2016) who used
the weighted-sum method to identify Pareto optimal solutions for
four objectives related to ex situ conservation of North American
Angiosperms; Tsai et al. (2015) identified Pareto optimal solutions
for reservoir operation with competing objective functions related
to fish diversity and human satisfaction; Zhou et al. (2015) iden-
tified Pareto optimal solutions for water resource management
with economic, environmental, and social objectives; Kennedy et al.
(2008) found Pareto optimal solutions for the objectives of protec-
ting habitat of an endangered species, protecting late successional
forest reserves, and minimizing cost; and Groot et al. (2007) found
Pareto optimal solutions for objectives related to financial returns
from agriculture, landscape quality, nature conservation, and envi-
ronmental quality.

4. Application of multi-objective optimization to select a
population target for cackling geese

We  consider the resource management problem of choosing a
population target for cackling geese. The Pacific Flyway, in collab-
oration with the U.S. Fish and Wildlife Service, state and Canadian
wildlife agencies, and representatives of Oregon and Washington
farmers and Native Alaskan subsistence hunters, are in the process

of revising the cackling goose management plan (Pacific Flyway
Council, 1999). An important part of the plan is the population
target. The population target is currently 250,000 birds. Cackling
goose abundance is estimated annually using aerial survey data
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Williams, 2016). Annual hunting regulations are made based on
omparing the population target to annual abundance estimates. If
bundance estimates are above the population target, more liberal
unting regulations are selected. If abundance estimates are below
he population target, more restrictive regulations are selected.
hat is, the hunting regulations are intended to keep abundance
t or near the population target. In choosing a population target to
mplement in the next management plan, the Pacific Flyway must
alance the competing interests of subsistence hunters in Alaska
nd private agricultural farmers in Oregon and Washington. Addi-
ional considerations the Pacific Flyway face include the satisfaction
f recreational hunters, the ecological integrity of the community
n the YK Delta, and other non-consumptive benefactors of the
ackling goose population. We focus on the objectives related to
ubsistence hunters and farmers for this example. Based on these
bjectives, we first develop objective functions related to the man-
gement objectives. We  then apply the weighted-sum method
with equal weights) to develop a composite objective function
o maximize. We  then examine post-optimization-specification of
references by optimizing a large number of composite functions
btained from the weighted-sum method with varying stakeholder
eights. Our aim was to demonstrate the applicability of MOO  as

 tool for selecting a population target rather than to provide a
olution to the problem. Thus, we use variables in place of values
pecific to the problem.

.1. Objective functions

An objective function fi(�) associated with the population tar-
et � of cackling geese quantifies the value of each potential � ∈ �
elative to the objective it represents. For pre-optimization speci-
cation of preferences, we consider three objective functions. Two
bjective functions, fs(�) and fa(�), represent the Pacific Flyway’s
ompeting objectives related to Native Alaskan subsistence hunters
nd agriculture in Oregon and Washington, respectively. The third
bjective function fb(�) is concerned with balancing the importance
f the other two objective functions. For example, a management
gency concerned with stakeholder satisfaction might consider
t unacceptable to implement management actions that result in
ne stakeholder to be completely satisfied while the other stake-
older is completely dissatisfied. Thus the management agency
ight have an explicit objective of balancing the satisfaction among

takeholders (i.e., maintain harmony). All three objective func-
ions depend on one variable �, that represents the number of
eese for the population target. We  did not consider an objective
unction for recreational hunting, presuming that the objectives of
ecreational hunters would closely align with those of subsistence
unters.

The task of formulating objective functions is about the transla-
ion of an interest or aim to the formal language of mathematics
Hennig and Kutlukaya, 2007). There are an infinite number of
ossible objective functions that might be chosen. For pragmatic
easons, it is necessary to consider only a small number of pos-
ible objective functions (Hennig and Kutlukaya, 2007). Different
ecision makers may  likely construct different objective functions
or the same problem. In absence of existing objective functions,
e developed the objective functions based on simple axioms and
ypotheses as suggested in Williams and Hooten (2016). These
bjective functions do not necessarily represent the views of the
ssociated stakeholders and are only used for demonstrating the
OO  procedure. In applied settings, objective functions should be

eveloped in close collaboration with resource managers and/or

takeholders, which is beyond the scope of this paper. Collaborat-
ng with these groups to develop objective functions helps ensure
he objective functions accurately represent their belief. It also
romotes acceptance of the decision analysis process. Without
l Modelling 343 (2017) 54–67 61

collaborative development of objective functions it is unlikely that
managers/stakeholders will be satisfied with the solution, regard-
less of how closely the objective functions reflect their objectives.
We refer readers to Keeney and Raiffa (1976), Gregory et al. (2012)
for formal techniques for soliciting objective functions.

We developed the objective function associated with subsis-
tence harvest based on three axioms. The first axiom was  that if
hunting regulations did not permit subsistence hunting, the value
of fs(�) would be zero. The current management plan closes the
hunting season when �< 80,000 birds. We denote the value at which
hunting is closed as � for generality. The second axiom was that
an increase in the management population � was associated with
larger values of fs(�). That is, more birds implied higher utility. The
third axiom was diminishing marginal returns. When considering
a very large population of geese (i.e., a population size � in which a
hunter providing reasonable effort could harvest as many geese as
needed; e.g., 1 million birds) it is hard to distinguish between the
utility of � and � + �̃ (e.g., 1.01 millions birds). That is, the marginal
utility of additional birds beyond � is too small to be recognized by
subsistence hunters. By the second axiom, � + �̃ is better than �, but
a large value of � would already provide enough birds to maximize
storage and consumption potential. The additional �̃ birds would
provide little benefit, given the large population size of �; fs(�) is
bounded by some upper limit. The upper limit reflects maximum
storage capacity and/or maximum consumptive capacity of subsis-
tence hunters. The objective function should therefore be concave,
increasing faster at low values of �, then reaching an asymptote. We
used Bernoulli’s utility function for wealth to describe the value
or utility of each population target � (Eq. (4); Bernoulli, 1954).
We selected an upper limit beyond the cackling goose carrying
capacity, K, so the function was close to linear in the population
range of �, . . .,  K birds. A linear utility function would result in
the largest population target of all concave functions, and thus
is an optimal choice for subsistence hunters. Any other concave
function would result in a sub-optimal choice of population tar-
get with respect to subsistence hunters. We  scaled the resulting
objective function between 0 and 1 for values of � between 0 and K
(Fig. 5A).

The impact of cackling geese on agriculture depends on both
the number of birds in the population and the distribution of the
wintering population relative to public and private land. The mech-
anisms that determine habitat use by cackling geese relative to
public and private land and relative to abundance are unknown. We
developed two hypotheses describing the extremes of the potential
distribution of geese relative to public and private land with respect
to abundance. The hypotheses were: (1) geese feed exclusively
on private land and depredate crops proportionately to popula-
tion size, and (2) geese first use public land until the number of
geese approaches the public-land carrying capacity. The remaining
geese use private land after the public-land carrying capacity is met
and depredate crops proportionately to population size. We repre-
sented the public land carrying capacity with the symbol Kpl. We
developed a negative linear function scaled between 0 and 1 to rep-
resent the first hypothesis (fa,a; Fig. 5B). We  developed a piece-wise
linear function (fa,b) that equaled 1 for � = 0, a, . . .,  Kpl and decreased
linearly for � > Kpl with slope equal to the slope of fa,1 for the sec-
ond hypothesis. Assuming each hypothesis was equally likely, we
averaged the two  hypotheses to obtain the agricultural objective
function (fa(�); Fig 5B).

Finally, we  developed an objective function (fb(�)) that repre-
sented balancing competing stakeholder interests. The objective
function fb(�) had small values when fs(�) and fa(�) were far apart
and large values (i.e., 1) when fs(�) = fa(�). This objective function

assumed equal attainment of each objectives (fa(�) and fs(�)) is
preferred to unequal attainment of each objective. We  used the
negative squared-error loss function, scaled between 0 and 1 for
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Fig. 5. Objective functions for selecting a cackling goose population target. (A) Objective function representing the objective of maintaining a large population size to
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roportionately to abundance. The dotted line assumes geese forage exclusively o
quared  error loss between fa(�) and fs(�), scaled between 0 and 1. (D) Weighted su

b(�) (Fig. 5C). The mathematical form of each objective function
as:

fs(�) =
{

0, � ≤ �

log(b + c�), � > �
,

fa(�) = 1/2fa,1(�) + 1/2fa,2(�),

fa,1(�) = 1 − �

max(�)
,

fa,2(�) =

⎧⎪⎨
⎪⎩

1, � ≤ Kpl

1 − � − Kpl

max(�)
, � > Kpl

,

fb(�) = −(fs(�) − fa(�))2,

(4)

or � = 0, . . .,  K. We  scaled the functions fs(�), fa(�), and fb(�) between
 and 1 using the equation (f(�)−min(f(�)))/(max(f(�))−min(f(�))).

.2. Pre-optimization specification of preferences

Given the assignment of objective functions, any of the meth-

ds described in the previous section or in Table 2 could be used
o incorporate preferences among objectives to identify an opti-

al  solution. The non-decreasing and non-increasing nature of fs(�)
nd fa(�), respectively, make several of the MOO  techniques trivial.
ng capacity is reached (assumed to be 54,000 in this example), then decreasing
ate land. The solid line is the average of the dotted and dashed lines. (C) Negative
a(�), fs(�), and fb(�), with weights w ≡ 1/3.

The bounded objective function will result in an objective at the
minimum or maximum bound conditional on which objective is
ranked highest. The lexicographic method will result in an objec-
tive at either 0, max(fb(�)), or K, conditional on what objective is
ranked highest. The Pareto set includes all � = [0–K]. We consid-
ered the weighted-sum method to identify an optimal population
target.

Specifying weights for each objective is difficult when objectives
represent stakeholder beliefs or values. Perhaps the most politically
palatable set of weights for stakeholders with competing objec-
tives are those in which w1 = w2 = · · · = wk for k stakeholders. We
assumed w1 = w2 = w3 = 1/3 representing equal weight among
stakeholders and equal weight to the penalty for differences in fs(�)
and fa(�). The resulting objective function was:

f (�) = 1
3

fs(�) + 1
3

fa(�) + 1
3

fb(�). (5)

The weighted-sum method combined the multiple objective func-
tions described in (4) to a single objective function that could
be optimized using standard techniques (e.g., visually inspect-
ing a plot). The resulting function f(�) and the optimal solution
�* are shown in Fig. 5D. The solution is sensitive to the choices
of �, K, Kpl, and the weights w. The value � is determined

by hunting regulations and the easiest to identify (80,000 for
cackling geese). The carrying capacity, K, could potentially be
estimated using historical abundance data when available. The
private land carrying capacity, Kpl, could be estimated using
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Fig. 6. (Weight space) Plane representing the possible combinations of wi, i = 1, 2, 3 such that
∑3

i=1
wi = 1 and wi ≥ 0 used in the equation f (�) =

∑n

i=1
fi(�)wi . The red dot

indicates equal weights among the three objectives of the population target of balancing the competing objectives of subsistence harvest, agriculture, and balancing the first
two  objective functions. (Pop. target) Three angles of a surface plotted using the set of Pareto optimal solutions for a cackling goose population target obtained by optimizing
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he  weighted objective function with varying values of weights wi, i = 1, 2, 3 such
-axis  is the value of the optimal population target for each combination in the wei
oint.  (For interpretation of the references to color in this figure legend, the reader 

ioenergetic requirements of cackling geese and the amount of
ood produced on available public land (e.g., McWilliams and
aveling, 2004). We  developed a web-based application to explore
he optimal population target in which the decision makers can
dentify values of �, K, and Kpl relevant to the decision prob-
em (https://perrywilliams.shinyapps.io/popobjective; Chang et al.,
016). We used R version 3.0.2 (R Core Team, 2013) to find optimal
olutions of the combined objective functions.

.3. Post-optimization specification of preferences

The population target �* shown in Fig. 5D is the Pareto optimal
olution associated with the choice of weights w ≡ 1/3. A decision
aker might wish to view the sensitivity of the optimal popula-

ion target relative to the choice of weights, or alternatively, view
he implied weights of a given management objective. To examine
hese trade-offs, we calculated the Pareto optimal set and plotted
ach Pareto optimal solution with respect to the implied weights of
he solution (Fig. 6). To calculate the Pareto optimal set we  calcu-
ated optimal solutions of objective functions described by (5) with∑

iffering values of wi, such that wi > 0 and k

i=1wi = 1 (i.e., values
n the weight space; Fig. 6).

We  plotted the optimal solution for each combination of weights
n the weight space to examine how changes in preferences affect
i=1
wi = 1. The X–Y plane of the three coloured figures is the weight space. The

ace. The optimal solution obtained from equal weights = 1/3 is shown with the red
rred to the web version of the article.)

changes in the population target, and which population targets
were relatively robust to changes in preferences (Fig. 6). Exam-
ination of Fig. 6 reveals several important points related to the
information obtained using an a posteriori method that was not
available using the a priori method. First, the objective weights
of 1/3 applied to each objective function appears robust to small
changes in w because it is on a relatively flat surface in Fig. 6. Thus,
the choice of �* as a population target was relatively insensitive
to the choice of weights. Second, as wb approaches zero the small
changes in the remaining weight assigned to wa and ws result in
large differences in the resulting optimal population target. Third,
as wb approaches one, differences in weights have a small effect
on the optimal population target. Thus, the most robust popula-
tion target is one that has a large values of wb. The second and
third points illustrate the importance of an objective function that
balances the competing objective functions; without it, the popula-
tion target can reflect a large disparity between the implied weights
given to each stakeholder; with it, the implied weights are relatively
insensitive to the population target.

Given the trade-off solutions shown in Fig. 6, we considered four

approaches for selecting a final population target. The first method
was to choose the Pareto optimal solution that was  the most com-
mon  solution to �* = max{f(�)} for all combinations of wi, i = 1, 2, 3
such that

∑3
i=1wi = 1 (i.e., the weight space), excluding population
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wi = 1

and wi ≥ 0 used in the equation f (�) =
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Fig. 8. Surface of the standard deviation (SD) of Pareto optimal population goals
shown in Fig. 6 used as an indicator of robustness of the management decision to
changes in objective weights. The SD was taken with respect to a 21 × 21 matrix
of  neighbouring values centred at each point with boundaries repeated ten times
at  each boundary. The optimal population target with the smallest standard devi-
ation (red dot) occurs at wa = 0, ws = 0, and wb = 1. Also shown (black dot) is the
hown (black vertical dotted line) is the Pareto optimal solution obtained using equal
eights among objectives. (For interpretation of the references to color in this figure

egend, the reader is referred to the web version of the article.)

argets that were equal to 0 and K. The second approach was the
opulation target that was most robust to change in stakeholder
eights estimated using the standard deviation of 400 neighbors

ound using a 21 × 21 matrix centered at each point (for matri-
es that extended beyond the boundary, the boundary was  used).
he third approach was bounding wa < ws and maximizing fa(�).
inally, the fourth approach was bounding ws < wa and maximiz-
ng fs(�). The resulting optimal solutions are shown in Figs. 7–9. The
rst approach resulted in a solution similar to the solution obtained
sing the a priori approach with equal stakeholder weights (Fig. 7).
he second approach also resulted in a solution similar to the solu-
ion obtained using the a priori approach with equal stakeholder
eights, but implied different stakeholder weights. Specifically,
a = 0, ws = 0, and wb = 1 (Fig. 8). The third approach resulted in a

olution of �* = K (Fig. 8). This was due to Pareto optimal solutions
ccurring at K even when wa was forced to less than ws. This solu-
ion is not likely a viable option for cackling goose management. The
ourth approach resulted in a solution at the same location in the
eight space as the second option (i.e., wa = 0, ws = 0, and wb = 1;

ig. 8).

. Discussion

We  described three methods for optimizing a multi-objective
roblem using pre-optimization specification of preferences (the
ounded objective function method, the lexicographic method, and
he weighted-sum method). The combination of these methods or
lternative methods described in Table 2 are applicable to a diverse

rray of problems. The optimal solution is sensitive to the choice of
ethod. However, in a review of studies that used different opti-
ization procedures in parallel for the same application, Huang

t al. (2011) found the recommended course of action did not vary
Pareto optimal solution obtained using equal weights. The colours used in Fig. 6
were maintained for reference. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of the article.)

significantly with the method applied. We  found evidence that dif-
ferent optimization procedures resulted in similar outcomes in the
cackling goose problem of selecting a population target. The a pri-
ori strategy using the weighted-sum method with equal weights
resulted in similar population targets to three of the four solutions
obtained using the a posteriori strategy. However, one of the solu-
tions from the a posteriori strategy resulted in a different solution;
one that would not likely be acceptable from a management per-
spective, as the optimal solution was equal to the carrying capacity.

The weighted-sum method is a useful tool for both the a
priori and a posteriori strategy. Variants of the weighted-sum
method (e.g., simple multi-attribute weighting technique (SMART);
Edwards, 1977) have been used in many ecological applications
(e.g., Reynolds, 2001; Reynolds and Hessburg, 2005; Converse et al.,
2013). The specific weighted-objective function we used for cack-
ling geese is analogous to SMART (Edwards, 1977). However, the
weighted-sum method is more general than SMART and is used
in applications ranging from engineering (Marler and Arora, 2004)
to statistical and mathematical tools including mixture models,
Fourier transforms, and model selection. Using the weighted-sum
method to identify the Pareto set is computationally straightfor-
ward.

The a priori strategy is more common in ecological applications
than the a posteriori strategy. The a priori strategy is prescriptive;
given preferences, a solution is prescribed. The a posteriori strategy
does not require explicitly describing preferences; all preferences
can be examined, and a choice implies preferences, but is based
on the trade-offs observed. Deb (2001) argued that an a posteriori
strategy is more methodical, more practical, and less subjective. He
also concedes that if preferences can be reliably articulated, there
is no reason to identify trade-off solutions. The a priori strategy is
useful in decision problems consisting of stakeholders and/or deci-
sion makers that do not agree on a solution, but might agree on
the inputs of a decision problem. For example, if the stakeholders

associated with the cackling goose management problem agreed
on values of �, K, Kpl, w and their respective objective functions,
and adhered to the decision analysis framework, an optimal popu-
lation target could be prescribed. If they cannot agree on inputs into
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Fig. 9. Surface of Pareto optimal solutions for a cackling goose population target
obtained by optimizing the weighted objective function with varying values of

weights wi, i = 1, 2, 3 such that
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i=1
wi = 1. The red line represents equal weights
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t  wa = 0, ws = 0, and wb = 1; the same result that occurred using the standard
eviation method (Fig. 8). (For interpretation of the references to color in this figure

egend, the reader is referred to the web version of the article.)

he decision problem, decision making approaches other than MOO
ight be preferred (e.g., conflict resolution). Knowledge of conse-

uences via an a posteriori strategy might bias a decision maker
ho desires a decision based on pre-optimization specification of
references. These situations might result in a game-theoretic deci-
ion problem (Von Neumann and Morgenstern, 2007) instead of

 MOO  decision problem. That is, when competing stakeholders
elect objective functions or other inputs into the decision prob-
em to optimize � with respect to their interests, to the detriment
f other stakeholders. Thus, an a posteriori strategy is likely more
seful for a decision maker who has competing objectives but with
on-competing interests. In these cases, knowledge of the trade-
ffs among Pareto optimal solutions might facilitate the decision
rocess.

We  focused on examples related to natural resource manage-
ent. Several other applications of multi-objective optimization

elevant to ecology include model selection (Williams, 2016), life
istory evolution (Kaitaniemi et al., 2011), and behavior ecology
Rothley et al., 1997; Schmitz et al., 1998). Model selection is

oncerned with balancing the competing objectives of model fit
nd model complexity (Burnham and Anderson, 2002; Williams,
016). Numerous methods have been developed to address this
roblem, including the development of several information criteria
l Modelling 343 (2017) 54–67 65

(e.g., Akaike’s information criterion, Schwartz’ information crite-
rion; Akaike, 1973; Schwarz et al., 1978). Information criteria are
weighted averages of functions, heuristically related to model fit
(usually assessed using model likelihoods) and model complexity.
Williams (2016) examines model selection from a multi-objective
optimization approach. Life history evolution concerns balancing
vital rates to maximize fitness (e.g., clutch size vs. survival prob-
ability; Lack, 1947). Kaitaniemi et al. (2011) used multi-objective
optimization as a mechanistic analysis of potential ecological an
evolutionary causes and consequences of variation in life-history
traits of a species of moth. Similarly, behavioral ecology concerns
balancing competing interests such as finding food and avoiding
predators (Mangel and Clark, 1986). Multi-objective optimization
provides a basis for developing models to investigate hypotheses
related to life history and/or behavioral ecology.

In addition to the two strategies we considered, there is an inter-
active approach to MOO  (Shin and Ravindran, 1991). Interactive
approaches consist of using an iterative solution algorithm to find
solutions. After each solution is found, information is provided to
the decision maker. The decision maker then uses the information
and provides additional preference information. Given the addi-
tional preference information, another solution is found. Thus, the
interactive approach allows the decision maker to adjust their pre-
ferences between each iteration and learn about the relationships
between their preferences and solutions (Branke et al., 2008).

Although MOO  methods can be used to address decision prob-
lems with a small number of alternative actions, there exists
dedicated techniques for solving problems with a small number of
alternatives (e.g., multi-criteria decision analysis). Triantaphyllou
(2013) provides a comparison of these methods. For many prob-
lems, multi-criteria decision analysis might be more powerful than
MOO  methods.

Finally, although we limited the discussion of objective func-
tions in this paper, appropriately modelling a decision maker’s
objectives is important for MOO  to be useful, regardless of which
strategy or optimization formula is used. Any optimal solution
from a MOO  problem is only as good as the objective functions
describing the aims or interests of the decision maker. Analogous
to statistical models of ecological processes, objective functions
are models of decision maker preferences. As such, objective func-
tions do not perfectly reflect the inherent objectives of the decision
maker. However, parsimonious objective functions can be useful
tools for facilitating complex decisions (Kendall, 2001; Williams
and Hooten, 2016). Further, in the case of objective uncertainty (e.g.,
Fig. 5B), multiple objective functions/models could be considered
with the goal of reducing uncertainty among objective functions
through time. Methods developed for reducing ecological model
uncertainty through time (i.e., adaptive resource management;
Johnson et al., 1997; Nichols et al., 2007; Williams, 2012) could
be employed for reducing objective function uncertainty through
time.
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