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Objective

“The over-reaching goal of spatio-temporal modeling in statistics is related
to the characterization of the process of interest in the presence of
uncertain and (often) incomplete observations and system knowledge.”1

Prediction in space (interpolation)

Prediction in time (forecasting)

Assimilate data and deterministic model output

Inference on controlling parameters of the process

1
Wikle and Hooten (2010), Test 19:418.
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Everything occurs in space and time

“no History without Geography” (Cressie and Wikle 2011, p. 1)

Unrealistic to marginalize over space (i.e., time series) or time (i.e.,
spatial models)

e.g., cackling geese

<Cackling goose photo> <Subsistence hunter photo>
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Everything occurs in space and time

Relevant to most/all fields (human biology, epidemiology, city
planning, economics)
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Addressing uncertainty

Observational uncertainty

Measurement error

False negatives/positives
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Addressing uncertainty

Process uncertainty

Model uncertainty

Discretization

<Process uncertainty photo>
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A science-based framework

Incorporate knowledge obtained throughout the development of the
subject-matter science at hand

<Stack of books photo>
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Outline

In this module:

Motivation

Descriptive vs. dynamic spatio-temporal models

PDEs

Hierarchical modeling

Dynamic spatio-temporal statistical models
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Outline

Remaining modules:

2 Intro to finite differencing methods (PDE solvers)

3 Example 1: spread of disease in a wildlife population using binary
spatio-temporal data

4 Example 2: spread of a population using wildlife survey data while
accounting for measurement error
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Spatio-temporal models: descriptive vs. dynamic

Two approaches for modeling spatio-temporal processes:

Descriptive (aka marginal, phenomenological)

Characterize mean and covariance of the process

Dynamic (aka conditional, mechanistic)

The process at a location evolves based on past values of the process
at nearby locations in space and time

Sometimes related through covariance function

Neither approach is “new”

Williams et al. Dynamic Spatio-Temporal Statistical Models 10 / 42



Descriptive spatio-temporal modeling

Simple example:

u(s, t) = X(s, t)β + η(s) + ε(t) + δ(s, t)

cov(η(s), η(x)) ≡ Cη(s, x) ≡ σ2
ηI

cov(ε(t), ε(r)) ≡ Cε(t, r) ≡ σ2
ε I

cov(δ(s, t), δ(x, r)) ≡ Cδ(s, x; t, r) ≡ σ2
δ I

cov(u(s, t), u(x, r)) =


σ2
η + σ2

ε + σ2
δ , if s = x, t = r

σ2
η, if s = x, t 6= r

σ2
ε , if s 6= x, t = r

0, if s 6= x, t 6= r

u(s, t) ∼ N(X(s, t)β, cov(u(s, t), u(x, r)))
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Descriptive spatio-temporal modeling

Advantages/Disadvantages of descriptive approach:

Can be flexible, but requires non-negative definite covariance function
(not always easy)

Succinct, but informative summary of random processes in space and
time

Difficult to look at covariance function and understand
spatio-temporal process

Useful when understanding of the process is limited

Available covariance functions often unrealistic for spatio-temporal
processes (e.g., separable covariance functions)

Dominated spatio-temporal statistics until the 21st century

Williams et al. Dynamic Spatio-Temporal Statistical Models 12 / 42



Dynamic spatio-temporal modeling

Alternatively:

Dependence motivated by evolution of process through time and in
space

Incorporate our knowledge of process evolution

Use PDEs (or other mechanistic models; e.g., IDE) to motivate
dynamics

Nonnegative definite covariance function for free

Natural framework for forecasting

Computationally intensive

Williams et al. Dynamic Spatio-Temporal Statistical Models 13 / 42



Partial Differential Equations
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PDEs

What are they?

Models with multiple variables, expressed in terms of changes in those
variables (e.g., time, space, or space-time).

When involving time and space, these are dynamic spatio-temporal
models (DSTMs).

Environmental:

Movement of gases and fluids.

Ecology:

Movement of organisms in environment.

Epidemiology:

Movement of disease through living systems.
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PDE Model

One example:

Reaction-diffusion model (dispersal and growth):

∂u

∂t
=

∂

∂x

(
δ(x , y)

∂u

∂x

)
+

∂

∂y

(
δ(x , y)

∂u

∂y

)
︸ ︷︷ ︸

spread in space

+ g(r , k ,u)︸ ︷︷ ︸
growth

The rate of change of the process u equals the spread of u in space
plus the (potentially non-linear) growth which can depend on
parameters r , and k
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PDE for Chronic Wasting Disease

Another example:1

1
Garlick et al. (2013), Journal of Mathematical Biology 69:369–399
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Ecological diffusion

∂u(s, t)

∂t
=

(
∂2

∂s2
1

+
∂2

∂s2
2

)
[δ(s, t)u(s, t)] + γ(s)u(s, t)

Williams et al. Dynamic Spatio-Temporal Statistical Models 17 / 42



How do PDEs arise in nature?

Example: Diffusion-approximation model for a population of organisms
moving according to an uncorrelated random walk in a heterogeneous
environment (congregating in desirable habitat)

Move left with pL(x , t).

Move right with pR(x , t).

Move nowhere with pN(x , t).

p(x , t): Probability of animal at location x and time t.

Williams et al. Dynamic Spatio-Temporal Statistical Models 18 / 42



Lagrangian Model: uncorrelated random walk

Recurrence Equation:

p(x , t) = pL(x + ∆x , t −∆t)p(x + ∆x , t −∆t)

+ pR(x −∆x , t −∆t)p(x −∆x , t −∆t)

+ pN(x , t −∆t)p(x , t −∆t)

We seek a differential model on p(x , t), thus we need to get rid of ∆x and
∆t.

Williams et al. Dynamic Spatio-Temporal Statistical Models 19 / 42



Taylor Series Expansion1

p(x , t −∆t) = p −∆t
∂p

∂t
+ · · ·

p(x −∆x , t −∆t) = p −∆t
∂p

∂t
−∆x

∂p

∂x
+

∆x2

2

∂2p

∂x2
+ · · ·

p(x + ∆x , t −∆t) = p −∆t
∂p

∂t
+ ∆x

∂p

∂x
+

∆x2

2

∂2p

∂x2
+ · · ·

1
Turchin (1998), Quantitative Analysis of Movement
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Substitution

p = (pL + pN + pR)p −∆t
∂p

∂t
(pL + pN + pR)−∆tp

∂

∂t
(pL + pN + pR)

−∆x
∂p

∂x
(pR − pL)−∆xp

∂

∂t
(pR − pL)

+
∆x2

2

∂2p

∂x2
(pL + pR) + ∆x2∂p

∂x

∂

∂x
(pL + pR) + p

∆x2

2

∂2

∂x2
(pL + pR)

+ · · ·
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Eulerian Equation

∂p

∂t
= − ∂

∂x
(βp) +

∂2

∂x2
(δp)

β = ∆x(pR − pL)/∆t

δ = ∆x2(pR + pL)/2∆t
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Ecological Diffusion

With N organisms u(x , t) ≡ Np(x , t):

∂u

∂t
=

∂2

∂x2
(δu)

Note, other forms of diffusion:

∂u

∂t
=

∂

∂x
δ
∂

∂x
u (Fickian)

∂u

∂t
= δ

∂

∂x2
u (Plain)

Williams et al. Dynamic Spatio-Temporal Statistical Models 23 / 42



Ecological Diffusion

With N organisms u(x , t) ≡ Np(x , t):

∂u

∂t
=

∂2

∂x2
(δu)

Note, other forms of diffusion:

∂u

∂t
=

∂

∂x
δ
∂

∂x
u (Fickian)

∂u

∂t
= δ

∂

∂x2
u (Plain)

Williams et al. Dynamic Spatio-Temporal Statistical Models 23 / 42



Types of Diffusion1

1
Garlick et al. (2010), Bulletin of Mathematical Biology 73:2088–2108
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Deterministic dynamic spatio-temporal modeling
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Deterministic dynamic spatio-temporal modeling

<Fisher photo>
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Deterministic dynamic spatio-temporal modeling

Williams et al. Dynamic Spatio-Temporal Statistical Models 27 / 42



Deterministic dynamic spatio-temporal modeling

<Kolmogorov photo>
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Deterministic dynamic spatio-temporal modeling
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Deterministic dynamic spatio-temporal modeling
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Deterministic dynamic spatio-temporal modeling
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Statistical implementation

How do we incorporate deterministic PDEs in a statistical
framework?

Assume process can be observed (potentially with error)

Assume PDE is scientifically motivated, but not exact

Seek to estimate model parameters, given the data

Or alternatively:

Uncertainty in data

Uncertainty in spatio-temporal process

Uncertainty in parameters

[data, process, parameters]
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Hierarchical Modeling
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Hierarchical modeling

Joint uncertainty: [y,u,θ]

We can factor joint distribution into a product of conditional
distributions:1

[y,u,θ] = [y|u,θ][u|θ][θ]

Data model: [y|u,θ]

Process model: [u|θ]

Parameter model: [θ]

1
Berliner (1996), Hierarchical Bayesian time series models in Maximum entropy and Bayesian methods
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Hierarchical modeling

[y|u,θ]: Uncertainty in the observations

Error in counts
Experience of observers
Detection probability

[u|θ]: Uncertainty and complexity in spatio-temporal process

diffusion and growth
species interactions
important environmental covariates

[θ]: Uncertainty in parameters

Random variation in parameters

Williams et al. Dynamic Spatio-Temporal Statistical Models 34 / 42



Dynamic spatio-temporal statistical modeling
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Descriptive vs. dynamic: revisited

Two approaches for modeling spatio-temporal processes:

Descriptive (aka marginal, phenomenological)

Dynamic (aka conditional, mechanistic)

Data models:1

Descriptive: [y|θm]

Difficult to derive realistic covariance matrices

Dynamic: [y|u,θc ]

All of the complicated spatio-temporal structure can come from the
conditional mean, simplifying conditional dependence

1
Hefley et al. (2017), Ecology 98:632–646
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Hierarchical DSTM

Data Model: y(si , t) ∼ [y(si , t)|u(si , t), φ],

Process Models:
∂u(si , t)

∂t
=

(
∂2

∂s2
1

+
∂2

∂s2
2

)
[δ(s, t)u(s, t)] + γ(si )u(si , t),

u(si , 1) = f (ζ i ),

δ(s, t) = g(Xtβ),

γ(si , t) = h(Wtα),

Parameter Model: θ ∼ [φ,α,β, ζ]
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Computational implementation

Simple finite-difference discretization and Markov assumption implies the
vector difference equation

ut =Hut−∆t + H(b)u
(b)
t−∆t

where ut ≈ u(s, t)
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Finite differencing
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Hierarchical DSTM

Data Model: yi ,t ∼ [yi ,t |ui ,t , φ],

Process Models: ut = Hut−∆t ,

u1 = f (ζ),

δt = g(Xtβ),

γt = h(Wtα),

Parameter Model: θ ∼ [φ,α,β, ζ]
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Applications of DSTM statistical models

1
Hooten and Wikle (2008), Environmental and Ecological Statistics 15:59–70
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Applications of DSTM statistical models

1
Hooten et al. (2010), Spatial and Spatio-temporal Epidemiology 1:177–185
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